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ON THE SOLVABILITY OF SYSTEMS OF INCLUSIONS
INVOLVING NONCOMPACT OPERATORS

P. NISTRI, V. V. OBUKHOVSKII, AND P. ZECCA

Abstract. We consider the solvability of a system

y e F(x, y),

x £ G(x, y)

of set-valued maps in two different cases. In the first one, the map (x, y) —o

F(x, y) is supposed to be closed graph with convex values and condensing

in the second variable and (x, y)—o G(x, y) is supposed to be a permiss-

ible map (i.e. composition of an upper semicontinuous map with acyclic values

and a continuous, single-valued map), satisfying a condensivity condition in

the first variable. In the second case F is as before with compact, not nec-

essarily convex, values and G is an admissible map (i.e. it is composition of

upper semicontinuous acyclic maps). In the latter case, in order to apply a fixed

point theorem for admissible maps, we have to assume that the solution set

x —o S(x) of the first equation is acyclic. Two examples of applications of

the abstract results are given. The first is a control problem for a neutral func-

tional differential equation on a finite time interval; the second one deals with

a semilinear differential inclusion in a Banach space and sufficient conditions

are given to show that it has periodic solutions of a prescribed period.

0. Introduction

This paper is devoted to the study of the solvability of a system of the form

(0.1) iO£F(x,y),

(     ' \0eC7(x,y),

where F and G are maps given by

P(x, y) = y - F(x, y)   and   G(x, y) = x - G(x, y)

with xe X, ye Y ; X, Y Banach spaces; F:ÜxV^> Y, G:VxV^>X
and U c X, V c Y are open sets with 0 £ U.

In §2, first we give two results, Theorems 2.1 and 2.2, concerning the case

when the map F is convex-valued with closed graph and (k, y/y)-condensing,
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k £ [0, 1), in the second variable with respect to a regular monotone non-

singular measure of noncompactness and G is a permissible map (i.e. it is the

composition of an acyclic map and a continuous single-valued map) satisfying

a certain condensivity condition in the first variable.

Moreover, in Theorem 2.3 we also^give sufficient conditions for the existence

of solutions of system (0.1) when F is as before but it has arbitrary compact

values and G is an admissible map (i.e. it is the composition of acyclic maps).

In this case, we do not require, as in Theorems 2.1 and 2.2, any assumption on

the topological degree of the vector field F = I - F, but we have to assume

that the solution set S(x) is acyclic, in order to apply a fixed point theorem for

admissible maps. Notice that this assumption arises naturally in applications.

In the case when F is an upper semicontinuous, compact map with convex,

closed values, sufficient conditions for the solvability of system (0.1) are given

in [4]. The case when F is not convex-valued and the second equation is

single-valued has also been treated in [5].

The approach we use in this paper follows closely that one of [4, 5 and 10].

That is, we solve the first equation with respect to y treating the variable x

as a parameter and then we introduce the corresponding solution set S(x) in

the second equation. Obviously, the fixed points of the composite function

G(x, S(x)) are the solution of system (0.1).

In order to follow such a procedure, we had to reformulate in §2 the most part

of the results in the above quoted papers to the present situation in which the

vector field F is not compact but only condensing. In this way we obtained re-

sults which are interesting in themselves besides being necessary for the proof of

the main existence Theorem 2.1 and its straightforward consequence Theorem

2.2.
In particular, we would like to mention Lemma 2.4, which states the existence

of zeros for Lefschetz w-carrier with nonzero index, verifying the Borsuk Ulam
condition on the relative boundary (with respect to an open ball) of a compact,

convex set K c R" which is symmetric with respect to the origin. We would

like also to point out that here we use the theory of w-carrier instead of that of

w-maps as in [4, 5 and 10].
In §3 we will present two applications of our abstract results. Specifically,

first we will consider a controlled neutral functional differential equation on a

given finite time interval and, by using Theorem 2.1, we will solve the problem

of finding a control law in a suitable finite-dimensional control space in such a

way that the corresponding trajectory reaches at the final time a given target set.

In the second example, in order to apply Theorem 2.3, we will deal with a

semilinear differential inclusion in a Banach space and we will give sufficient

conditions to show that it has periodic solutions of a prescribed period.
In the next section, §1, we give the definitions and some known results we

will need through the paper.

1. Definitions and preliminary results

Let X, Y be topological spaces; a multivalued map M from X into Y

will be denoted by the symbol M : X —o Y.

Definition 1.1. A multivalued map M : X—o Y is said to be upper semicon-

tinuous (shortly u.s.c.) if the set
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M~x(V) = {x£X:M(x)c V}

is open in X for every open V c Y.

It is not difficult to verify the following properties (see, e.g., [2]).

Lemma 1.1. (a) If A/j : X—o Y, M2 : Y—o Z are u.s.c. multivalued maps

then their composition M2o Mx : X —o Z ,

(M2o Mx)(x) = M2(Mx(x))

is an u.s.c. multivalued map.

(b) If Mx : X —o Yx, M2 : X —o Y2 are u.s.c. multivalued maps with compact

values then their Cartesian product Mx x M2 : X —o y, x Y2,

(Mx x M2)(x) = Mx(x) x M2(x)

is an u.s.c. multivalued map.

Definition 1.2. A multivalued map M : X —o Y is said to be closed if its graph

GrM={(x,y)£Xx Y:y£M(x)}

is a closed subset of X x Y.
If a multivalued map M : X—o y is closed and compact (i.e. M(X) is

relatively compact in Y) then M is upper semicontinuous.

By an e-neighborhood of a subset Ci of a metric space X we mean the set

eQ = {y £ X : 3x £ Q such that d(x, y) < e}.

Definition 1.3. Let X, Y be metric spaces and let M : X —o y be a multivalued

map. A multivalued map M' : X—o Y is said to be an e-approximation of

M if GrM'ceGrAf.

The following result is due to A. Lasota and Z. Opial [9].

Theorem 1.1. Let X be a metric space and Y a metric locally convex space.

Then for every e > 0 any u.s.c. multivalued map M : X—o y with closed,
convex values has a single-valued continuous e-approximation

ß:X->Y such that ¡i(X) C coM(X).

Definition 1.4 (cf. [6]). Let X and Y be Hausdorff topological spaces. A mul-

tivalued u.s.c. map M : X—o Y with compact values is said to be a weighted

carrier/ (w-carrier) if, for any x £ X, to any piece C (i.e. open and closed

subset) of M(x) is assigned a weight or multiplicity m(C, M(x)) £ Z in such

a way that the following properties hold:

(a) m(-, M(x)) is an additive function, i.e.

m(Cx U C2, M(x)) = m(Cx, M(x)) + m(C2, M(x))

whenever Ci n C2 = 0 ;

(b) if U is open in Y with dU n M(x) = 0, then m(M(x) n U, M(x)) =
m(M(x') n U, M(x')) whenever x' is close enough to x .

Definition 1.5 (cf. [6]). If U c Y is an open set, M(x) ndU = 0, then the
number i(M(x), U) = m(M(x) n U, M(x)) is called the index or multiplicity

of M(x) in U.
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If X is connected the number i(M(x), U) does not depend on x £ X.

In this case the number i(M) = i(M(x), Y) will be called the index of the

w-carrier M.
Let us mention the following properties of w-carriers (see [6]).
(1) Let M : X—o Y be an u.s.c. multivalued map with compact, connected

values. Then M becomes a w-carrier by assigning multiplicity 1 to M(x). In

particular every continuous single-valued / is a w-carrier with i(f) = 1.

(2) Let M : X^> Y be a w-carrier and / : Z -» X (resp. f : Y -» W) be a
single-valued continuous map. Then Mof:Z—o Y (resp. f'oM:X—o W)

is a w-carrier.
(3) Let M : X — o Y be a w-carrier and f : Z -> H^ be a continuous

single-valued map. Then M x f : X x Z —o y x W is a w-carrier.

(4) Let M : X—o y be a w-carrier, then the graph map I> : X—o X x Y,

Yf (x) = {x} x M(x) is a w-carrier.
By a weighted map (w-map) we mean any w-carrier M : X —o Y such that

M(x) is a finite subset of Y for every x £ X.

Let H(D) = {Hq(D)}9>o be the graded Cech homology module of a space

D.

Definition 1.6 (cf. [6]). A w-carrier M: X—o Y is said to be acyclic if for every

X £X ,

Hq(A?~(x)) = 0   for all? >0.

Following [6] we may define the notion of Lefschetz w-carrier.

Definition 1.7. A w-carrier M : X—o Y is said to be a Lefschetz w-carrier if

it can be factorized in the form

x -^-o y

z

where Q : X—o Z is an acyclic w-carrier and r : Z —> Y is a continuous

single-valued map.

Definition 1.8. Let I be a topological vector space; let j/ c I be a set

symmetric with respect to the origin. We will say that a multivalued map
L : s/ —o X verifies the Borsuk-Ulam property on sf if

(B.U.) for each x £ sé the sets L(x) and L(-x) are strictly separated

by a hyperplane, that is, for each x £ si there exists a continuous functional

x* £ X*, the dual of X, such that x*(y) > 0 for every y £ L(x) and x*(y) < 0

for every y £ L(-x).

Using the methods illustrated in the papers [6, 10] one can prove the following

generalization of Theorem 2.8 of [10].

Theorem 1.2. Let B be the closed unit ball in R". Let L : B — o R" be a
Lefschetz w-carrier with i(L) ^ 0. If L verifies the (B.U.) property on dB then

o

there exists x £ B such that 0 e L(x).

Let us recall the following notions (see, for example, [1, 16])
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Definition 1.9. Let AT be a Banach space; a function y/ : 2X —> [0, +00) is

said to be a measure of noncompactness in X if y/{c6Q) = y/(0) for every

Q £ 2X . A measure of noncompactness y/ is called

(i) monotone if Qn> ̂ i € 2X and Qo C fli imply y/(£lo) < V(^i) ;
(ii) nonsingular if y/({a} ufi) = y/(Q) for every a e X and Q € 2* ;

(iii) semiadditive if y/(Ú0l¡ílx) = max{^(ii0)> V(^i)} for every Q0, &i €

2X;

(iv) algebraically semiadditive if ^(Qn + ^i) < v(^o) + v(&i) ',
(v) regular if y/(Cl) = 0 is equivalent to the relative compactness of Q ;

(vi) invariant with respect to the reflection at the origin if y/(-Q) = w(&)
for every Cl£2x.

Well-known examples of measures of noncompactness satisfying the proper-

ties (i)-(vi) are: the Kuratowski measure of noncompactness

a(Q) = inf{d > 0 : Q admits a partition into a finite number of sets

whose diameters are less than d}

and the Hausdorff measure of noncompactness

X(£l) = inf{e > 0 : Q has a finite e-net}.

Definition 1.10. Let Xo be a closed subset of a Banach space X ; y/ be a

measure of noncompactness in X and 0 < k < 1. A multivalued map & :
Xo—o X with compact values is said to be (k, ^-condensing if y/(^(Çï)) <

ky/(Q) for every fiel. Let A be a topological space, then a multivalued

map G : Ax Xo —o X is said to be (A;, ̂ -condensing in the second variable

if y/(G(K x Q)) < ky/(Q) for every compact K c A and flcl.

Definition 1.11 (cf. [1, 11]). A closed, convex set J( c X is called fundamental

for a multivalued map y : Xo —o X if

(1) ^(XoD JT)ÇJ? ,
(2) xo £ co(y(xo) U Jt) implies xo £ J?.
A closed convex set JÍ C X is called fundamental for a family G : Ax Xo —°

X if it is fundamental for every multivalued map G(X, •), X £ A. Finally, a
fundamental set -# of a multivalued map &~ is called essential if it is compact

and Xo n ^# ^ 0 .

Following the methods presented in [1 and 14] one can prove the following

statements.

Lemma 1.2. Let Xo be a closed subset of a Banach space X, A be a topological

space, let G : A x Xo -* X be a closed multivalued map which is (k, y/)-

condensing in the second variable where 0 < k < 1 and y/ is a regular monotone

nonsingular measure of noncompactness in X. Then for every compact KcA

there exists an essential fundamental set of the family G\ kxx0 ■

Lemma 1.3. Let Xo be a closed subset of a Banach space X, SF : X0 —o X be

a closed multivalued map which is (k, y/)-condensing where 0 < k < 1 and the

measure of noncompactness y/ is regular, monotone, nonsingular, semiadditive

and invariant with respect to the reflection at the origin. Then & has an essential

fundamental set which is symmetric with respect to the origin.

Let V be an open bounded subset of a Banach space Y, let yi be a regular

monotone nonsingular measure of noncompactness in  Y,  0 < k < 1, and



548 P. NISTRI, V. V. OBUKHOVSKIÍ, AND P. ZECCA

& : V—o y be a closed (k, ^)-condensing multivalued map with convex

values such that y ^^(y) for all x £ dV . Then the topological degree of the

corresponding multivalued vector field SF, &~(x) = x - SF(x), can be defined

by the formula

Deg(y,F,0)=Deg^(y,^,0)

where JÍ is an arbitrary essential fundamental set of £F and Deg^ denotes

the relative topological degree of a compact multivalued vector field (see [1, 11,

14]). Let us remember that in turn the relative degree Deg^y, F#, 0) can

be defined as Deg^(/ - /, V# ,0), where / is an arbitrary e-approximation

of SF\y    and e is sufficiently small (see [1]).

We will need the following properties of the introduced topological degree.

(1) The fixed point property. If Deg(^", V, 0) ^ 0 then the fixed point set

Fix y = {y : y 6 &"(y)} is nonempty and compact.

(2) The generalized topological invariance. Let A be a path connected topo-

logical space, G : Ax V—o y be a closed (k, y/) -condensing in the second

variable multivalued map (0 < k < 1). If y £ G(X, y) for all X £ A and
y £dV then

Deg(C7(A0, •), V, 0) = Deg(C7(A,, •), V, 0)

for all Xo, Xx £ A, where G(X, y) = y - G(X, y).
(3) The additivity property. If V = Vx U V2 where Vx and V2 are open and

disjoint and y £ W(y) for all y £dVxUdV2 then

Deg(^, V, 0) = Deg(^, Vx, 0) + Deg(^, V2, 0).

(4) The index of a fixed point. If y 6 F is an isolated fixed point of ^ then

its index ind(^", y) is defined as Deg(^", Í2, 0) where Q is a neighborhood

of y which does not contain other fixed points of y . If y has in F only a

finite number of isolated fixed points yi, ... ,y„ then

n

Deg(^, F,0) = ^ind(F,yi).
¡=i

Using results of the paper [7] one may prove the following statement.

Lemma 1.4. Let A be a topological space, Yo be a closed subset of a Banach

space Y, y/ be a regular monotone measure of noncompactness in Y. Let

G : Ax y0 —o y be a closed (k, y/)-condensing in the second variable multivalued

map (0 < k < 1). If for every X 6 A the set S(X) = {y £ Y0 : y £ G(X, y)} is
nonempty then the multivalued map S : X—o y0 is compact-valued and u.s.c.

Definition 1.12 (cf. [8]). Let X, Y be metric spaces. An u.s.c. multivalued

map M : X—o Y is said to be admissible if there are maps g, : Z¡ —o Z/+i,

i = 0, I, ... , m   (Z¡ metric spaces, Zo = X, Zm+1 = Y), satisfying
(a) M=Qmo---oQ0;

(b) Qi is u.s.c. with acyclic, compact values for each i = 0, I,... , m .

Let us note an important particular case

Definition 1.13. If in the previous definition m = 1 and Qx = q is a continuous

single-valued map then the map M — q o Q0 will be called permissible.
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Definition 1.14. Let U_c X, V c Y be open sets, where X, y are metric

spaces. Let F : U x V—o Y be a multivalued map and let F(x, y) = y -

F(x, y). We shall denote by

SF = {(x, y) £U xV : y £F(x, y)},    3¡F = {x e X : SF C U x V},

where SF = SF n (A x Y) for any AcX.

2. Results

We want to prove the existence of solutions for the system

nu       jy^(x,y) . (0£y-F(x,y) = F(x,y)
(2.1)       <        _ or equivalently   < _

[ x £ G(x, y) I 0 € x - C7(x, y) = G(x, y).

For this, let X, Y be Banach spaces, y/x and y/y be regular monotone

nonsingular measures of noncompactness in X and Y respectively; the mea-

sure y/x is also semiadditive and invariant with respect to the reflection at the

origin. Let U c X be an open neighborhood of the origin and V c Y be an

open set.

We can now formulate the following.

Theorem 2.1. Let F : U x V —o y be a closed (k, y/Y)-condensing in the second

variable, where 0 < k < 1, multivalued map with convex values and G : U x

V —oJ{ be a permissible multivalued map. Suppose that there exists r > 0 such

that 5(0, r) c Vf\3fF and Deg(F(0, •), V, 0)_f 0. Let T : 5(0, r) —o X be
the operator defined by T(x) = x-T(x), where T(x) = G(x, S(x)) and S(x) =

{y £ Y : y £ F(x, y)} . Suppose that the multivalued map G : 5(0, r) —o X,

given by G(x) = G(x, V) is closed and (I, y/x)-condensing, where 0 < / < 1,

and that for every x £ 95(0, r) such that 0 0 T(x), the sets T(x) and T(-x)

are strictly separated by a hyperplane.

The system (2.1) has a solution.

The proof of Theorem 2.1 needs_ several preliminary results. First of all,
observe that the multivalued map T has nonempty, compact values and it is

upper semicontinuous. These facts follow from the assumption that

Deg(F(0,.),F,0)^0

and Lemmas 1.1 and 1.4.
Moreover, Lemma 1.3 states that the multivalued map G has a symmetric

(with respect to the origin) essential fundamental set %f c H. Let B^ =

5(0, r) n ^ and let ^f c Y be an essential fundamental set of the family

Let Vj[ = V n JÍ and let V\#, d Vjf denote the closure and the boundary

of Vje respectively in the relative topology of the space JÜ. It is easy to see

that Si   cBjtxVj?.

First of all we need the following extension of Lemma 2.2 of [4].

Lemma 2.1. For each neighborhood W c B%? xVjf (in the relative topology)

of the set S^  , there exists e > 0 such that if f : B& x V^ —> Y is an

(.-approximation of F \-jj xy^,thenS^   cW.
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Proof. Since the map F is closed the set S^   is compact. Let Wx c B^ x V'^

be an ei-neighborhood of Sf    such that  Wx c W and dWx n dW = 0.

Let e2 = dist(dW, dWx) = rmn{d(w, toi) : it; e 8W,Wx £ dWx} and ^ =

(5> x Vje)\Wx. Then F(^c y is a closed set, 0 0 F(vi) and let e3 > 0

be such that 5(0, e3) c Y, 5(0, e3) n F (A) = 0 . Hence,_if (x, y) £ A then

dist(y, F(x, y)) > e3. Let_e = min{ei, e2, e3} and let / :B%> xVjr^Y

by an e-approximation of F\g xy   .  Let (x,y) £ (B%? x Vjr)\W and let

y = f(x,y), that is (x,y) £ S{-   .  Then there exists (x, y) e 5> x F^

such that ||(x, y) - (x, y)|| + \\f(x, y) - z\\ < e for some z e 5(x, y). As

||(x, y) - (x, y)|| < e it follows that (x, y) 0 Sf  . Since y = f(x, y) we get

\\y - z\\ < \\y-y\\ + \\y - z\\ < ||(x, y) - (x, y)|| + \\f(x,y) - z\\ < e.

Hence (x, y) 0 A . Thus (x, y) £ W\ \S^  . This is an absurd, since (x, y) £
_ _ B*

{B* x Vjt)\W and ||(x, y) - (x, y)|| < e and so (x, y) 0 If,.   D

Following the same arguments as in Lemma 2.3 of [4], we may obtain the

following result.

Lemma 2.2. Let X = W, Y = Rm . There exists an e0 > 0 such that for all

e < eo there exists a single-valued continuous map f : U x V —► Rm such that

f : B& x Vj[ -> J[ is an e-approximation of F\j xy    and

(a) for every x £ B%> the set S-f(x) = {y £ Y : y = /(x, y)} ¿s a finite subset

ofV;
(b) Deg(F(0 ).),F,0) = Deg^(/(0, •), Vj,, 0).

Lemma 2.3. Leí X, y a«íi _F satisfy the conditions of Theorem 2.1. Leí
us suppose that for all x e B%- the inclusion y e F(x, y) has only iso-

lated solutions.   Then the multivalued map S : Bg? — o Vjg  is a w-map and

i(S) = Deg(F(0,.), V,0).

Proof. The upper semicontinuity of the multivalued map S follows from Lem-

ma 1.4. If y 6 S(x) then y is an isolated fixed point of F(x, •) and we can

put m(y, S(x)) = ind(F(x, •), y). Now, let Q be an open set in V such that

S(x)ndQ_£- = 0 , where Çljr = Qn^f. From the upper semicontinuity of S it

follows that there exists_a ball 5(x, ô) such that S(B(x, ô) il/) n dQ^ = 0 .

Then, for every x' 6 5(x, a) V\%?, the admissible homotopy IT : [0, 1] x

Q^ — o JT, given by

H(X,y) = F(Xx + (l-X)x',y)

ensures that

Deg^(F(x, •), £2, 0) = Deg^(F(x', •), fi, 0).

Therefore

m(S(x)nn,S(x))=     Y,    ind(F(x,-),y) = Deg^(F(x,-),n,0)
y€S(x)nSl

= DegJt(F(x',-),Sl,0)

=      Yl     ™d(F(x',-),y') = m(S(x')nÇl,S(x')).
y'<=S(x')níl
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Thus 5 is a w-map and

1(5) = i(S(0), VJ) =  ¿2 ind(F(0,-),y) = Deg(F(0, •), V, 0).   D
yes(0)

In the sequel we need the following result which is the "relative" version of

Theorem 1.2.

Lemma 2.4. Let_ K cW1 be a convex, compact set, symmetric with respect to

the origin, let BK = 5(0, r) n K. Let L : BK —o R" be a Lefschetz w-carrier

such that i(L) ^ 0 and L(BK) c K, where L(x) = x - L(x). If L verifies the
(B.U.) condition on 8Bk = 95(0, r) n K, then there exists x e BK such that

0 e L(x).

Proof. Let p : R" —> K be any retraction, then the mapping p : R" -> K,

defined by p(x) = \[p(x) - p(-x)] is an odd retraction. Then the set p~x(BK)

is symmetric with respect to the origin. Passing, if necessary, to its connected
component containing B¡c and using the Djugundji's extension theorem we may

assume without loss of generality that p~x(BK) and Rn\p~x(BK) are connected

sets. Now, let 5i = 5(0, rt) c R" be an open ball containing the set K. Let

us consider the multivalued map L : D —o R" , given by L(x) = x - L o p(x)

with D = Bx n p~x(Bf¿) ■ The map L is a Lefschetz w-carrier since it can be

decomposed in the form

/)ioI"xl"-^l"

where Y = Y-¡-o. is the graph map and d(x, y) = x - y. Moreover, i(L) —

i(L) ^ 0. Let us show now that L verifies the (B.U.) condition on 3D. In fact,

if x £ dD and x £ dBK the assertion follows from the fact that L| 9Bk = L| 9Bk

and our assumptions.
Let x € dBx n p~x(BK) then by Proposition 2.10 of [10] it is sufficient to

show that
0 £ k(co L(x)) - cu L(-x),

where k(A) = {Ax : X £ [0, 1], x £ A]. Assume, to_the contrary, that there

exist Xo £ [0, 1], yi e œ(Lop(x)) c K and y2 £ co~(Lop(-x)) c K such that

Ao(x-yi) = -x-y2. Then (Ao+l)||x|| = ||Ay1-y2|| < (X+l)rx. This contradicts
the fact that x e 95i . Finally from Theorem 1.2 follows the existence of a

point x € D such that 0 6 L(x), that is x £ Lo p(x) c K, hence /J(x) = x

and 0 € L(x).   D

Let us observe that we do not exclude the case when K c 5(0, r), dB¡c = 0 .

In this case we have the following

Corollary 2.1 (cf. [6]). Let K c R" be a convex compact set, L : K—o K be a

Lefschetz w-carrier, i(L)^0. Then L has a fixed point.

We are now in the position of proving Theorem 2.1.

Proof. Let 7> = T\-g . Assume to the contrary that system (1) does not have

solutions in the set B^ . Then 0 £ 7>(x) for all x £ B%f. Since 7> is an
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u.s.c. multivalued map, this assumption implies the existence of an ej > 0 such

that 5(O,61)nr/(%) = 0.
On the other hand from the Proposition 2.13 of [10] it follows that there

exists e2 > 0 such that every e2 -approximation V : B%> —o X of 7> verifies

the (B.U.) property on dB%>.
Let Ô = min{ßi, e2} and let W c B%> x Vj , given by

W = {(x, y) £ 5V x Vj : (x, C7(x, y)) £ <5Gr7>}.

It is clear that W is an open neighborhood (in the relative topology) of the set

We will divide the rest of the proof into three parts.
First step. X = R" , Y = Rw .

Let e* > 0 be that one given by Lemma 2.1, i.e. every e*-approximation f

of FIb^xYjt nas the Property that s{j   C W.

Let eo be given by Lemma 2.2 and let e' = min{e*, e0, ô} . By Lemmas 2.2

and 2.3 there exists an e'-approximation /' of F\g xy    such that the map

S' : Bj? —o Vj defined by S'(x) = {y : y = f'(x, y)} is a w-map. The index
of this map is given by

i(S') = Deg(f(0,>),W(0),0)
= Deg(F(0, •), W(Q), 0) = Deg(F(0 ,.),V,0)¿0.

Now let us show that the multivalued map T (x) = G(x, S'(x)) is a Lefschetz

w-carrier. Indeed, since the map G is permissible it can be represented as

G - q o Q where Q : B^ —o Z is acyclic-valued and q : Z —> R" is single-

valued. Then T  may be decomposed as

where 3?(x) = \Jyçs'(x)(Q(x > y)x {y}) ^s an acyclic w-carrier and rx is a natural

projection. Moreover, i(V) = i(T ) = i(S') ^ 0.

Since S{-   c W we have that Gr V c S Gr T%?, i.e. V is a ¿-approximation
Bar

of 7> . From our choice of ô it follows that V satisfies the B.U. condition on

dB^ . Hence, from Lemma 2.4 it follows that there exists x 6 B%> such that

0 e T'(x). Then 0 e 5T^(6x) ç ei7>(£ix). This contradiction establishes

the result.
Second step. X = R" , Y is a Banach space.

Let e' > 0 be as in the first step and /, be an e'-approximation of F\ - x-p

such that its range f\(B& x V'jf) is contained in a finite-dimensional subspace

YxCY.

Let Vjt = VjenYl, then s£ c Wn(B^xV^) = Wx, let f2 = 7.1^^ ,

from the additivity and the reduction properties of the topological degree we

have that

Deg(/2(0, •), ^i(O), 0) = Deg(/i(0, •), ^(0), 0)

= Deg(F(0, •), W(Q), 0) = Deg(F(0 ,.),V,0)¿0.

Then applying the first step to the maps f2 and G2 = G\ -    -\   we obtain that

the multivalued map T2 : B&—o Y\, given by T2(x) - G2(x, Sf*(x)), G2 —
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/ - G2, has a zero xeßj. As ¿2   c W we have that Gr T2 c ô Gr 7> ,
Bj?

contradicting the fact that 0 0 ei 7>(cix).
Third step. X, y are Banach spaces.
Let í: J ->^ =/nIi be a Schauder's e-projection, X\ is a finite-

dimensional subspace of X. Let t73 : 5^ x ^^r —°%\, G$ = n o G ; (73 =

7-G3|g x-p   and Ft, = F\g xy   . It is clear that G3 is permissible and if V :

Bße\—° X\ be defined as T'(x) = G^(x, S(x)) then V is an e-approximation
of T\ -s    and, for e > 0 sufficiently small, it satisfies the (B.U.) condition on

dB%?. By the second step we have that V has a zero on 5#¡, contradicting

the fact that 0 0 eT(ex) for e small enough.   D

Theorem_2.2. Let X, Y be Banach spaces, U c X, V c Y be open sets. Let

F :U xV —o Y be a closed multivalued map with convex values, condensing in

the second variable with respect Jo a regular monotone nonsingular measure of

noncompactness y/y ■ Let N c U be a nonempty compact convex set such that

N c 9SF andDeg(F(x, •), V, 0) ¿ 0 for some (and hence for all) x £ N. If
G: U x V—o X is a permissible multivalued set such that G(N, V) c N then

there exists a solution (x, y) e N x V of system (2.1).

Proof. Let p : X —> N be any retraction and consider the multivalued maps

Tx : X x V—o Y, Gx : X x V—o X defined as F,(x, y) = F(p(x), y),

Gi(x, y) = G(p(x), y). Let 5(0, r) be any ball containing the set N. We

may now apply Theorem 2.1 to Fx, Gx and 5(0, r). It is not difficult to see
that all the conditions of this theorem are fulfilled except the closedness of the

map G, but in our situation this condition is unnecessary since G is compact

map.

Hence there exists (x, y) £ X x Y such that y £ Fx (x, y), x £ Gx (x, y).

Since x £ N we have that

(y£T(x,y),

\x€C7(x,y).   D

In the next theorem we will assume that the multivalued map G is admissible

and the solution map x —o S(x) has acyclic values for any x e 3F .

In order to formulate the result we need to introduce the following boundary

condition "P"^
—Let M : 5(0, r) c X —o X be a multivalued map. We say that M satisfies

the boundary condition "P" if x e 95(0, r) and Xx £ Mx implies X < 1.—

Theorem 2.3. Let X, Y be Banach spaces, U c X, V c Y be open sets. Let

y/x and y/y be monotone nonsingular measures of noncompactness in X and Y

respectively. Let F : UxV —o Y be a closed multivalued map y/Y -condensing in

the second variable and let G : U xV —o X be anadmissible multivalued map.

Let us suppose that there exists r > 0 such that 5(0, r) c 2>F, and for every

x £ 2¡F the set S(x) = {y £ Y : y £ F(x, y)} is nonempty and acyclic. Let the

multivalued map T : 5(0, r)—o X, T(x) = G(x, S(x)), be y/x-condensing

and satisfying the property "P" on the boundary 95(0, r). Then system (2.1)

has a solution.

Proof. The multivalued map S is compact valued and u.s.c. Therefore T is

an admissible multivalued map.   Let %? c X be an essential fundamental



554 P. NISTRI, V. V. OBUKHOVSKII, AND P. ZECCA

set of T, since the measure of noncompactness y/x is nonsingular we may

assume, without loss_of generality, that Oe/. We want to show that T

has a fixed point in B^ = 5(0, r) n ßf. Let p: X -> %? be any retraction

then T : 5(0, r) —o %?, given by T(x) = p o T(x), is an admissible, compact

multivalued map. Let us show that it satisfies the property "P". Indeed, if

x £ 95(0, r) n %? then T(x) = T(x) and so the assertion follows directly

from our assumptions. If x £ 95(0, r) and x £ 3? then T(x) c ^ and

Ax n %? — 0 for all A > 1 and hence the property "P" is also fulfilled. Using
Lemma 2 of [11] we may find a compact, convex set JV c 5(0, r) such that

cö(n o f(Jr)) = JV, where II is the radial projection of X on 5(0, r). Since

n o f(x) is admissible, there exists a fixed point x e JV, that is x £ Yl o f(x).

Condition "P" implies that x £ T(x) and hence x £ T(x).   G

Remark 2.1. We can also prove Theorem 2.3 by using the fact that if x £ T(x)

for all x 6 95(0, r) then the topological degree Deg(7\ 5(0, r), 0) = 1 (see
[3 and 12]).

3. Applications

In this section we will give two applications of our results. The first appli-

cation consists in solving the problem of finding an optimal control parameter,

u £ R" , in such a way that the corresponding state vector y of a given control

system governed by a neutral functional differential equation, starting from a

given convex, compact set Ccl" reaches at the final time a variable target set
H(y(0) ,«)cl" and the pair (y, u) minimizes a given functional.

In the second application we look for periodic solutions of a prescribed period
of a semilinear evolution differential inclusion in a Banach space.

Example 1. In this example we are looking for a control parameter, represented

by a vector u £ W , in such a way that the following problem is solvable.

( y'(t) = f(t,y(t),y(d(t)),y'(d(t)),u)   foralli€[0, 1],

y(0)eC,    y(l)£H(y(0),u),(3.1)

I Jo' fo(y(s), y'(s) ,u)ds^ min,

where C is a given convex, compact subset of R" , the multivalued map H :

Cxi" —o R" is closed, compact, and acyclic, 8 £ C([0, 1], R) satisfies 0 <

d(t) < t for any t £ [0, 1] and 0(0) = 0, f0 : R" x R" x R" -> R is a continuous
function.

We assume the following conditions on the dynamics / : [0, 1 ] x R" x R" x
R" x R" -> R" .

(fx ) The map / is continuous at any point

(t,vx,v2,v3,u)£[0,l]x p4r< .

(f2) there exist positive constants a, b, c, d and k, with 0 < k < 1,
such that

\f(t, vx,v2,vi; u)\ < a + b\vx\ + c\v2\ + k\v3\ + d\u\

for any (t, vx, v2, v3, u) £[0, 1] x R4" ;

UÏ)  f(t,vx,v2,v3,0) = 0 for any (t, vx, v2, v3) £ [0, l]xR3";
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(ft) there exists N > 0 such that

ïhninf(u,f(t,Vx,V2,V3,U))^N
«—»+00 |w|1+d

for some 0 < S < 1, for any t £ [0, 1] and for every (vx, v2, v3) belonging

to any bounded set of R3" ;

(/s)  \f(t,VuV2,v3,u)-f(t,Vi,v2,v'3,u)\<k\v3-v'3\ for any

(i,wi,«2,t;3,t;J,ii)e[0, 1] x R5\

where the constant k is the same of assumption (f2).

Under assumptions (fx)-(fi) the problem

(3.2) y'(t) = f(t, y(t), y(9(t)), y'(d(t)), u), y(0) £ C

can be rewritten in the following form y £ F(x, y) where x = u £ X = R" ,

y£Y = C'([0, 1], R") and the operator F : X x Y—o Y is defined by

F(x, y) = C + [' f(s, y(s), y(d(s)), y'(9(s)), x) ds.
Jo

Furthermore, the operator G : X x Y —o Y defined by

G(x,y) = x + H(y(0),x)-y(l)

is permissible, in fact G can be considered as the composition of the following

maps
W:XxY—o XxX defined by W(x, y) = (x -y(l), H(y(0), x)) ;

W\ : X x X -> X defined by W\ (wx, w2) = W\-w2.
Clearly, W is continuous and Wx is u.s.c. with compact, acyclic values, and

G = Wx o W.

The problem of finding x £ W for which a corresponding solution of (3.2)

satisfies y(l) e H(y(0), x) is equivalent to solve the system

(y£F(x,y),

\ x£G(x,y).

We will show that this system has a solution by using Theorem 2.1. For this,

we need some preliminary results that we present in the sequel.

Lemma 3.1. Assume (f)-(f2)- Then for any r > 0 there exists a constant

M(r) > 0 such that any solution y of (3.2), corresponding to some control

x £ 5(0, r), satisfies \y\Y < M(r).

Proof. Let y € y be a solution of the Cauchy problem (3.2) corresponding to

x £ 5(0, r). By (f2) we have that

(3.3) |y'(0l < ar + b\y(t)\ + c\y(0(t))\ + k\y'(8(t))\

for any t £ [0, 1], where ar = a+d-r. Following [17] define now a C'-function

z : [0, 1] ->R as follows

z'(t) = ar + (b + c)z + kz'(t) + 1,    z(0) = 1 + |C|.

Or equivalently,
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where \C\ = max{|c| : c £ C}. Equivalently, we have

{,. .      1 + ar     b + c   . .

z(0) = l + |C|.

It is easy to see that z is a positive and increasing function on [0, 1], hence

z'(t) is also increasing on [0, 1] and so

(3.4) z'(t) >ar + bz(t) + cz(6(t)) + kz'(6(t))

for any í e [0, 1]. We want to show that (3.3) and (3.4) imply |y|y < |z|y.

For this, let

t = sup{i £ [0, 1] : \y(s)\ < z(s) and |y'(s)| < z'(s), 0<s<t}.

Since |y(0)| < z(0) and 0(0) = 0, from (3.3) and (3.4) we obtain |y'(0)| <
z'(0). Therefore t > 0, being y, z £Y. We claim that t = 1. In fact, assume

to the contrary that |y(t)| = z(t) , t < 1. Integrating (3.4) between 0 and t

and using (3.3), the definition of t and 0 < 6(t) < t for any t e [0, 1] we get

z(r)-z(0)> f\y'(s)\ds.
Jo

But £|y«|<|y'(0l,thus

z(T)>z(0) + |y(T)|-|y(0)| = l + |y(T)|.

Furthermore, if z(t) > |y(r)| we have, again by (3.3) and (3.4), that z'(t) >

|y'(i)|. In conclusion, |y|y < |z|y and taking M(r) — \z\y we end the

proof.   D

As a direct consequence of this lemma we have that 3fF = R" . Indeed, the

map

x—o S(x) = {y £ Y : y is a solution of (3.2)}

sends bounded sets into bounded sets, thus, for any r > 0, we can take U =

5(0, r) c X and V = 5(0, M(r)) c Y as open sets in Theorem 2.1.

Definition 3.1. Let Qc7 be a bounded set, we define a measure of noncom-

pactness y/y in Y in the following way y/y(£l) = qc(Q') where Q' = {y' :

y £ £1} and ac is the Kuratowski measure of noncompactness in the space

C([0, 1],R").

We can now prove the following.

Lemma 3.2. Assume that conditions (fx)-(fi) and (/5) are satisfied. Then the

operator F : X x Y —o Y, given by

F(x,y) = C+ f f(s, y(s), y(8(s)), y'(8(s)), x) ds
Jo

is (k, y/y)-condensing with respect to the second variable.

Proof. Let K c X be a compact set, Q c Y be a bounded set. We want to

show that

y/y(F(K,Çï))<ky/y(Çl).
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For this, let the operators h : X x Y -> C([0, 1], R") and

q:XxC([0, 1], R") x C([0, 1], R") -» C([0, 1],R")

be defined as follows

h(x,y)(t) = f(t,y(t),y(d(t)),y'(6(t)),x)

and
q(x, u, v)(t) = f(t, u(t), u(6(t)), v(6(t)), x).

Since h(K, Q) c q(K, Q, Q') it suffices to estimate a(q(K, Q, Q')). The set
T c W , T = {z : z = y(i) or z = y'(i), y £ Q, í e [0, 1]} is bounded. So,
if e > 0 from the uniform continuity of / on [0, 1] x T3 x K it follows that

there exists such n > 0 that

\f(t ,ux,u2,v,x)-f(t,üx,ü2,v,x)\<e

whenever \ux -¿ii|-r-|M2-M2| + |x-x| < 2n , t £ [0, 1] ; «i, ü\, u2, u2, v £ T;

X, X £ K .

As Í2 is a bounded equicontinuous subset of C([0, 1];R") there is an //-net

{«i,..., wm} for Q. Let {/q , ... , k¡} be an n-net of jRT . Then

q(K,Çl,a')c     U    e(q(kj, u¡, Q')).
l<Km,

From the properties of the Kuratowski measure of noncompactness (see [16])

then it follows that

a(q(K, Q, Q')) < max{a(q(kj, ut, Q!) + 2e : 1 < i < m,  1 < ;' < /}.

Now let us show that the operator q(k¡, u¡, •) is /c-nonexpansive. In fact if

t;i,i>2€ C([0, 1];R") then

\q(kj, Ui,vx)-q(kj, u¡,v2)\

=  sup \f(t, Ui(t), Ui(0(t)), vx(t), kj) - f(t, Ui(t), Ui(6(t)), v2(t), kj)\
te[0,i]

< k sup \v\(t)-v2(t)\ = k\\vx-v2\\.
te[o,i]

Therefore
a(^(rc;-, w,-,r2')) <rca(Q')

and, since e > 0 is arbitrary, it follows that

a(q(K,a,Çi'))<ka(Q!).

Hence

y/Y(F(K,Q)) = a(h(K,Çl)) < a(q(K, fi, fl')) < rca(fi') = ky/Y(Q).

This ends the proof.   D

Lemma 3.3. Assume (f) + (fs). Then there exists r > 0 such that:

(i) the multivalued map T : X—o X defined as follows

T(x) = G(x, S(x))

=   U   I Í f(s,y(s),y(e(s)),y'(d(s)),x)ds + C-H(y(0),x)
ytS(x) l>

satisfies the B.U condition on 95(0, r) ;
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(ii) Deg(F(0, .),V,0)¿0, where V = B(0, M(r)).

Proof. By (fa) and Lemma 3.1 for r > 0 sufficiently large we have

Deg(f(0, •). V,0) = Deg(I,V,0).

By (fa) and Lemma 3.1, for r > 0 sufficiently large we have

(u,f(t,vx,v2,v3, u)) (u,y)     N

|«|1+á yec-J? \u\l+¿ - 2

where %? = H(C, X), for any  t £ [0,1], for any  u,   |m| > r and any

(vx, v2, v3) £ R3" such that \vi\ + \v2\ + \v3\ < 2M(r). In fact,

lim      inf   M = 0.
|m|—+CCV6C-X |w|1+d

Finally, if for any x £ X we define x* £ X* as x*( • ) = (x, • ) then it is easy

to see that T satisfies the B.U. condition on 95(0, r).

By virtue of (/3) it is evident that Deg(F(0, • ), V, 0) = Deg(7, V, 0).   □

We are now in a position to prove the following

Theorem 3.1. Assume (fx) -f- (fa), then there exists u £ X such that problem

(3.1) has a solution y e Y.

Proof. From the proof of Lemma 3.3 it follows that all the solutions of the

system

(y£T(x,y)

I x e G(x, y)

are contained in U x V, where U = 5(0, r), V = (0, M(r)) and the above

lemmas show that for F and G on U x V all the assumptions of Theorem

2.1 are satisfied.
From the conditions of Theorem 2.1 it follows that the set {(x, y)} of so-

lutions of system 2.1 is a nonempty, compact subset of X x Y. Hence there

exists a pair (y, u) £Y x X giving the solution of problem (3.1).   D

Example 2. Let us consider the periodic problem for an evolution semilinear

differential inclusion in a separable Banach space E described as follows

(3.5) y'(t)£A(t)y(t) + (p(t,y(t))   y(0) = y(l)

under the following assumptions

(Ai) {A(t)}te[o, i] is a family of closed linear not necessarily bounded oper-
ators in E satisfying the periodicity condition .4(0) = 4(1) ;

(A2) {A(t)}t£[otx] generates a strongly continuous evolution operator U :
A^5?(E),where A = {(t,s)£[0, 1] x [0, 1] : 0 < s < t < 1} and &(E) is
the space of bounded linear operators defined in E.

It is supposed also that U is continuous with respect to the norm of Sf(E)

while s < t.
(A3) The operator U(t,s) satisfies the estimation

L=  sup  \\U(t,s)\\<l.
U,S)€A



SYSTEMS OF INCLUSIONS INVOLVING NONCOMPACT OPERATORS 559

It will be supposed that the multivalued map (j> :[0, l]x E—o E has the

following properties.

(0i )  0 has compact, convex values;

((¡>2)  0 is periodic in the first variable, i.e. 0(0, •) = 0(1, •) ;
(03) 0 : [0, 1] x E—o E is u.s.c.;
(04) 0([O, 1] x E) c M where M is a weakly compact, convex subset of

E;
(05) for almost all t £ [0, 1] and every bounded ilc£ the set 0(í, Q) is

relatively compact in E.

In the sequel we will need some additional properties of the Hausdorff mea-

sure of noncompactness x m E.

Lemma 3.4. If B £ &(E) then *(5(£2)) < I|A||^(Í2) for every bounded set
CicE.

Lemma 3.5. If Q c C([0, 1] ; E) is bounded and equicontinuous then

<p(Q)=  sup *(O(0) = XC(Ö)
f€[0,l]

where il(t) = {y(t) : y e Q,} and Xc is the Hausdorff measure of noncompactness

in C([0,l];E).

By Sq we will denote the set of all Bochner integrable selectors of the mul-

tifunction Q : [0, 1]—o E, i.e.

SxQ = {q£ Lx([0, l];E): q(t) £ Q(t) a.e. in [0, 1]}.

If Sq ^ 0 then the multifunction Q is called integrable and

jQ(s)ds = yq(s)ds:qeSlQ\

for every measurable set t c [0, 1].

A multifunction Q : [0, 1]—o E is said to be integrably bounded if there

exists a nonnegative a £ L'([0, 1]) such that

110(011 < "(0   fora.a. re[0,l].

Lemma 3.6 (cf. [13]). Let the multifunction Q : [0, 1]—o E be integrable,
integrably bounded and x(Q(t)) < y(t) fora.a. t £ [0, 1] where y e L'([0, 1]).
Then

x(JQ(s)ds\<jy(s)ds

for every measurable set x c [0, 1].

For y 6 C([0, l\;E) let Hy : [0, 1] — o E be the multifunction given
by Hy(t) = 0(i, y(0) • From the conditions (0i), (03), (04) it follows that
SXH ± 0 for every y £ C([0, 1] ; E) (see, for example, [2]).

We will consider the problem of the existence of mild periodic solutions of

the inclusion (3.5), i.e. functions y e C([0, 1] ; E) which satisfy to the equation

y(0 = c7(i,0)y(0)+ / U(t,s)f(s)ds
Jo

where f £ SXH  and to the periodicity condition y(0) = y(l).



560 P. NISTRI, V. V. OBUKHOVSKII, AND P. ZECCA

In order to find mild periodic solutions we will consider the spaces X — E,

y = C([0, l];E) and maps F : X x Y— o Y , with

F(x,y) = jz : z(t) = U(t, 0)x + j' U(t, s)f(s)ds; f £ SxHy}

andG:XxY^X, given by G(x, y) = y(l).
Then it is clear that the problem (3.5) is equivalent to the system

I x = C7(x,y).

Let us show that the multivalued maps F and G satisfy all the conditions of

Theorem 2.3. In fact, using the methods of [13, 15], one can prove the following

property.

Lemma_3.7. The multivalued map F is closed and for every bounded % c X

the set F'{$/, Y) is bounded and equicontinuous.

Lemma 3.8. For every compact K c X and bounded Q. c Y the set F(K, Q)

is compact.

Proof. It is clear that

F(K, £2)(0 C U(t ,0)K+ [ U(t, s)(p(s, Q(s)) ds.
Jo

Then from equicontinuity of F(K, Ci) it follows (Lemma 3.5) that

Xy(F(K,Q))<   sup Xe
t€[0,l]

U(t,0)K+ [ U(t,s)(f>(s,Q(s))ds
Jo

From condition (05) it follows that XE(<t>(t, ß(0) = 0 a.e. in [0, 1] and hence

using Lemmas 3.4 and 3.6 we have that

Xy(F(K, Q)) < \\U(t,0)\\ Xe(K) + f \\U(t,s)\\ XE(<t>(s,tl(s)))ds = 0
^o

proving the lemma.   D

Further from Theorem 2.1 of [13] it follows that for every x £ X the set

S(x) = {y £ Y : y £ F(x, y)} is nonempty and using the methods of [15] it

can be shown that S(x) is a 5¿-set and, hence, acyclic. From (06) it follows

that there exists v > 0 such that

||0(r,<?)||=sup{||y||:y€0(r, <?)}<!/

for all (t, e) e [0, 1] x E. Now take 5(0, r) c X where

vL
r >

Lemma 3.9. The multivalued map T : 5(0, r)—o X,  T(x) = G(x, S(x)) is
X-condensing and it satisfies the condition

7(05(0, r))c 5(0, r).
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Proof. Let Ici be a bounded set, then

TCL)ciu(0,l)(ï) + £u(l,s)f(s)ds:f£SxHy,

y is solution of (3.5), y(0) el>.

From the condition (05) and Lemmas 3.4 and 3.6 it follows that

*(T(X))<||[/(l,0)||x(Z)

and hence T is (/, ^-condensing where / = ||Í7(1, 0)|| < 1. Now let x £

95(0, r) and let z e T(x), then

z= Í7(l,0)x+ / U(\,s)f(s)ds
Jo

where f £SXH . Then

||z||<||c/(l,0)||||x||+ / ||tf(l,s)||||/(s)||¿í<Lr + Li/<r.   D
Jo

Now we have the following

Theorem 3.2. Assume (Ax) -r (43) and (0i) 4- (0s), then there exists a solution

of problem (3.5).

Proof. Apply Theorem 2.3.

Remark 3.1. We would like to point out that the differential inclusion in (3.5)

can model control systems of a parabolic type (see e.g. [13]).
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